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Abstract: This article studies the inventory competition under yield uncertainty. Two firms with random yield compete for sub-
stitutable demand: If one firm suffers a stockout, which can be caused by yield failure, its unsatisfied customers may switch to its
competitor. We first study the case in which two competing firms decide order quantities based on the exogenous reliability levels.
The results from the traditional inventory competition are generalized to the case with yield uncertainty and we find that quantity
and reliability can be complementary instruments in the competition. Furthermore, we allow the firms to endogenously improve
their yield reliability before competing in quantity. We show that the reliability game is submodular under some assumptions. The
results indicate that the competition in quantity can discourage the reliability improvement. With an extensive numerical study,
we also demonstrate the robustness of our analytical results in more general settings. © 2015 Wiley Periodicals, Inc. Naval Research
Logistics 62: 107–126, 2015
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1. INTRODUCTION

Inventory competition (also referred to as newsvendor
game) is first studied by Parlar [19]. In the traditional prob-
lem, each firm has an initial stochastic demand and decides
the procurement or production quantity. If one firm fails to
satisfy all of its demand, some of the unsatisfied customers
will switch to another firm. The firms compete with each
other through order quantities.

Yield reliability plays a critical role in today’s increasingly
competitive market. In many industries such as the electronics
and the auto industry, component makers or original equip-
ment manufacturers usually have production processes that
are subject to random yield. The yield uncertainty can be
caused by unreliable equipment, deficient technology, and
so forth. As a result, a manufacturer’s actual output would
suffer a random shortage, which may lead to the loss of
its regular customers. The unsatisfied customers may then
decide to buy substitutable products from other firms instead.
For example, Hella and Valeo are two competing auto-part
manufacturers who provide lighting equipments to automak-
ers such as Nissan and Volkswagen [1]. Each component
manufacturer normally supply its regular customers (i.e.,
automakers). Once the initial order cannot be satisfied (for
example, due to quality issue), the customer may purchase
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substitutable items from an alternative manufacturer. The
same thing happens to manufacturing firms that produce other
components (e.g., stamping parts, wheels, and so forth.) to
automakers. Hendricks and Singhal [13] point out that sup-
ply glitches can hinder the firms from capitalizing on the
market demand. Emmelhainz et al. [8] report that a man-
ufacturer can lose more than half of its customers to its
competitors due to the stockout, whereas a retailer can lose
up to 14% of its customers. Besides quantity, firms also com-
pete in yield reliability. For example, auto-part manufacturers
such as Hella and Valeo can improve their yield reliability
by investing in technology innovation or adopting advanced
equipments.

Motivated by the fact that manufacturing firms often suf-
fer yield losses which can cause their regular customers to go
elsewhere, we study the inventory competition between firms
that are subject to yield uncertainty. We raise the following
questions.

1. How will the results from the traditional inventory
competition change when we take into account yield
uncertainty? What is the effect of yield reliability on
firms’ order decisions and profits in the equilibrium?

2. As firms can also adopt advanced production equip-
ment or processes to improve yield reliability, how do
they decide what reliability improvements to make
given a subsequent competition in inventory?
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To answer the questions in (1), we first generalize the tradi-
tional inventory competition (e.g., Parlar [19], Lippman and
McCardle [14]) to the case in which two competing firms are
subject to yield uncertainty. Each firm has an initial stochas-
tic demand and decides the attempted production quantity
based on the exogenous yield reliability levels. We find that
the game is still submodular in the order quantities but there
can be multiple equilibria due to the yield uncertainty. We
show that under some conditions quantity and reliability
serve as complementary instruments in the competition. A
high-reliability level encourages the firm to go for a large
production quantity and also prevents its competitor from
doing so.

To study how the firms compete in reliability, we further
allow them to endogenously improve their yield reliability
before production. We hence have a two-stage game in which
the firms determine the reliability levels at the first stage and
then decide order quantities at the second stage. For analytical
tractability, we first restrict our attention to the case where the
firms’ initial demand shares are deterministic and the yield
outcomes follow a Bernoulli distribution. We show that the
reliability game is submodular, and the competition in quan-
tity may discourage a firm to pursue as high a reliability level
as a monopoly would. In addition, by analyzing a special case
in which improving reliability incurs a linear cost, we find
that two firms with the same parameters may select differ-
ent reliability levels in the equilibrium due to the subsequent
quantity competition. Finally, our numerical results indicate
that the basic insights derived analytically remain valid in
more general settings with a variety of uncertain demand and
other types of random yield.

The rest of this article is organized as follows. Section 2
reviews the related literature. Section 3 studies the scenario
with exogenous yield reliability and Section 4 investigates
the model with endogenous reliability. Finally, Section 5
summarizes the article.

2. LITERATURE REVIEW

The first line of research related to our work is on the
inventory competition with demand substitution. Parlar [19]
considers a duopoly model in which each firm chooses the
inventory level of its product. The products of the two firms
are substitutable in the sense that a deterministic fraction of
one firm’s excess demand will switch to the other firm. They
show that the quantity game is submodular and there exists a
unique equilibrium. Wang and Parlar [24] extend the model
to a three-person game. Lippman and McCardle [14] also
consider newsvendors who compete in their inventory levels
but the excess demand is reallocated based on different rules.
Netessine and Rudi [17] further study the inventory competi-
tion involving multiple firms. Zhao and Atkins [29] consider

the case in which the firms simultaneously determine the price
and inventory level and the initial demand share is sensitive
to the prices quoted by all the firms. However, no one has yet
considered yield uncertainty in the inventory competition,
which has a critical effect for manufacturing firms.

Another line of related literature is on supply risk manage-
ment. Many papers investigate the buyer’s optimal procure-
ment strategies when suppliers are unreliable (e.g., Anupindi
and Akella [4], Tomlin [22], Dada et al. [6], Federgruen and
Yang [11]). We refer interested readers to the review by Yano
and Lee [28]. Some papers examine the effect of supply reli-
ability improvement. Gupta and Cooper [12] study a single
manufacturing firm and find that a stochastically larger yield
rate is not necessarily beneficial. Liu et al. [15] study a retailer
who can determine both inventory level and marketing effort.
They analyze how the supply improvement affects market-
ing decisions. Recently, some authors consider the supply
reliability improvement as an endogenous decision. Wang
et al. [25] study a single firm that can source from multi-
ple unreliable suppliers and/or make an effort to improve
the supply reliability. Tang et al. [21] consider a decentral-
ized supply chain where the buyer may provide subsidies
for the supplier and the supplier then determines the reliabil-
ity level. Nikoofal and Gümüş [18] study the incentive- and
audit-based mechanisms for managing supplier’s reliability
improvement when the supplier has private information about
its true reliability. Unlike these papers, we consider the yield
reliability improvement in a competitive environment.

Some researchers have studied supply uncertainty in a
competitive environment, but they focused on the different
types of competition instead. Tang and Kouvelis [20] con-
sider a Cournot-type competition between two end-market
firms that source from two suppliers with random yield. They
analyze the effect of different sourcing structures (dual/single
sourcing) on the equilibrium. Deo and Corbett [7] also
study a Cournot-type competition under yield uncertainty
in analysing the influenza vaccine market. They investigate
an entry game of multiple firms and analyze the effect of
yield uncertainty on the number of firms entering the mar-
ket. Federgruen and Yang [10] consider a model in which
the suppliers with yield uncertainty compete by selecting the
mean and standard deviation of the random yield factor. They
use the attraction demand function and the market share is a
function of the reliability level chosen by each firm. Wang et
al. [26] study the case where two competing manufacturers
source from an unreliable supplier and are able to improve
supplier’s yield process before making ordering decisions.
In their model, the firms compete in the service level in the
downstream market. The key difference between their paper
and ours is that they consider the demand as a function of ser-
vice levels provided by the competing firms, but in our article
each firm has an initial demand and the unmet demand goes
elsewhere after yield uncertainty is realized. In other words,
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our model does not require the customers to know anything
about the firms’ yield reliability levels ex ante.

3. THE MODEL WITH EXOGENOUS YIELD
RELIABILITY

3.1. Formulation

We consider a classical setting of inventory competition
but take into account yield uncertainty. Firm i (i = 1,2) has an
initial demand share Di . Let qi denote the stocking quantity
of firm i. If firm i suffers a stock-out, that is, qi turns out to
be less than Di , then a fixed fraction of the excess demand
will switch to its competitor, firm j (j �= i). Let Ds

i denote
the effective demand of firm i and it can be expressed as

Ds
i = Di + γji(Dj − qj )

+,

where γij (0 ≤ γij ≤ 1) is the given fraction of the unsatisfied
customers of firm i switching to firm j and [x]+ = max(0, x).
γij will hereafter be referred to as the switching rate. We
will use FDs

i
and fDs

i
to denote the cumulative distribution

function (cdf) and the probability density function (pdf) of
Ds

i , respectively. For notational ease, FDs
i |εj

and fDs
i |εj

will,
respectively, denote the conditional cdf and pdf of Ds

i on the
realization of εj .

Each firm is subject to a random yield. If firm i attempts to
produce a quantity Qi , its stocking quantity will be the actual
production output (or effective output), that is, qi = Qiεi ,
where εi is the stochastic yield rate with support [0, 1]. This
proportional yield is commonly used for modelling yield
uncertainty in the literature. We assume that firms’ yield
processes are independent so that the εi are independent ran-
dom variables. To quantify the yield reliability and facilitate
our analysis, we borrow the modeling approach of Wang et al.
[25]. Let Gi(·, ai) and gi(·, ai) be the cdf and pdf of εi where
ai is a reliability index. If ai ≤ âi , then the random factor
εi(ai) is (first-order) stochastically smaller than εi(âi), that is,
G(x, ai) ≥ G(x, âi ) for all x. That is, a larger index implies
a higher reliability level.

If firm i places an initial quantity Qi , it will incur a produc-
tion cost ciQi . The firm can obtain a unit refund δici for defec-
tive items where δi ∈ [0, 1] is the refund rate. This formula-
tion allows the defective items to incur a lower unit cost than
the effective one. For example, the poor quality components
may be sold or reused for remanufacturing. Also, this differ-
ence in unit cost arises from the cost structure. For instance,
unlike the effective components, the defective components
may or may not incur warehousing, packaging, and delivery
costs. Consequently, the total production cost can be written
as ciQi − δiciQi(1 − εi) = (1 − δi)ciQi(1 − εi) + ciQiεi ,
that is, firm i pays ci for each effective unit and (1 − δi)ci for
each defective unit. If δi = 1, the firm obtains a full refund

so only the effective components incur a cost. If δi = 0, the
firm takes all the losses caused by random yield.

In addition, firm i’s revenue for selling one unit of its prod-
uct is pi and the unit salvage value is si . As in the classical
newsvendor problem, we assume pi > ci > si .

Given a fixed pair of reliability index, a = (a1, a2), the
firms play a quantity game under yield uncertainty. The
expected profit of firm i in the quantity game can be written as

π
q

i (Qi |Qj , a) = E[pi min(Ds
i , Qiεi) + si(Qiεi − Ds

i )
+

− ciQi + δiciQi(1 − εi)],

where we use the superscript “q” to denote the expected profit
for the quantity game.

By determining the order quantity Qi , firm i maximizes
π

q

i (Qi |Qj , a). Rearranging the terms, the problem for firm i
can be written as

max
Qi≥0

π
q

i (Qi |Qj , a)

= (pi − δici)QiE[εi] − (pi − si)E[(Qiεi − Ds
i )

+]
− (1 − δi)ciQi . (1)

3.2. Characterization of the Quantity Game Under
Yield Uncertainty

Note that if each firm has a completely reliable yield
process, our problem boils down to the inventory competi-
tion studied by Parlar [19] and Lippman and McCardle [14].
However, yield uncertainty does affect both players’ strate-
gies and hence the equilibrium that is achieved. Due to yield
uncertainty, the firm may not enter the market given a poor
reliability level.

PROPOSITION 1: Firm i (i = 1, 2) will choose a positive
order quantity if and only if

E[εi] >
(1 − δi)ci

pi − δici

. (2)

Otherwise, it will choose Q∗
i = 0.

PROOF: All proofs are given in the appendix. �

Let ψi = (1−δi )ci

pi−δici
. Proposition 1 indicates that ψi is the

lowest reliability level needed for firm i to enter the market.
We will hence refer to ψi as firm i’s entry reliability. First,
firm i’ entry reliability is independent of any parameter of its
competitor as the firm has an initial demand Di . Second, the
entry reliability becomes higher as δi decreases. If δi = 1,
that is, the firm obtains a full refund for the defective units,
then it is always willing to enter the market as long as εi > 0
with a positive probability. Alternatively, one can rearrange
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the term and (2) becomes pi > (1−δi )ci

E[εi ] +δici . The right-hand
side is the expected effective cost for producing one good unit
of product: For the fraction of cost with (respectively, with-
out) refund, the firm pays ci (respectively, ci/E[εi]) for each
effective unit. The entry condition basically requires that the
selling price is greater than the overall effective cost.

In traditional inventory competition, the quantity game is
shown to be submodular [19]. One can show that this property
still holds in the presence of yield uncertainty. The submod-
ularity implies that a firm will reduce its order quantity if its
competitor increases the order.

THEOREM 1: (i) The quantity game is submodular in
(Q1, Q2). (ii) There exists a pure strategy Nash equilibrium
in the quantity game. If (a1, a2) is such that the entry condi-
tion (2) is satisfied for both players, the equilibrium (Q∗

1, Q∗
2)

solves the equations for i, j = 1, 2 and i �= j :

(pi − δici)E[εi] − (1 − δi)ci

pi − si

=
1∫
0

1∫
0

εiFDs
i |εj

(Q∗
i εi)dGj (εj , aj )dGi(εi , ai); (3)

(iii) If εi is a Bernoulli random variable with success proba-
bility ai and γij < 1 for i, j = 1, 2 and i �= j , there exists a
unique equilibrium in the quantity game.

However, although a unique equilibrium is always guar-
anteed in the case of a completely reliable yield as shown
by Parlar [19], the yield uncertainty gives rise to multiple
equilibria in general (See Example 1). If the random yield
factor follows a Bernoulli distribution and the switching rate
is strictly less than one, we can then show that there always
exists a unique equilibrium.

For the submodular game with two players, we can con-
sider it as a supermodular game by redefining the strate-
gies as (Q1, −Q2). In a supermodular game, there exist the
component-wise largest and smallest equilibria. This can be
translated in our problem: Among all equilibria (Q∗

1, Q∗
2),

there are an equilibrium (Q̄∗
1, Q∗

2
) containing the largest value

of component Q∗
1 and the smallest value of component Q∗

2,
and an equilibrium (Q∗

1
, Q̄∗

2) containing the smallest value
of component Q∗

1 and the largest value of component Q∗
2.

In addition, if Q̄∗
i = Q∗

i
for all i, there exists a unique

equilibrium.
Furthermore, we can use the tâtonnement scheme [23] to

compute these two equilibria numerically. The main idea
of the tâtonnement scheme is to exploit the monotonic-
ity of the best response. By setting the initial strategy of
firm 2 as Q0

2 = 0, we solve firm 1’s problem and obtain
Q0

1 = Q∗
1(Q2). Given Q0

1, we next solve for Q1
2 = Q∗

2(Q
0
1)

and then Q1
1 = Q∗

1(Q
1
2). Iteratively, (Qk

1, Qk
2) will converge

Figure 1. Best response functions of example 1. [Color figure can
be viewed in the online issue, which is available at wileyonlineli-
brary.com.]

to the equilibrium (Q̄∗
1, Q∗

2
) as the best response is decreas-

ing in the competitor’s strategy. Analogously, if we start with
Q0

1 = 0, the approach will converge to (Q∗
1
, Q̄∗

2). If two
equilibria happen to be the same, the game has a unique
equilibrium.

In Example 1, we demonstrate the existence of multiple
equilibria using the tâtonnement scheme.

EXAMPLE 1 (Multiple Equilibria): We consider two iden-
tical firms with parameters p = 6, c = 5, δ = 0.5, s = 0. Each
firm faces an initial demand which follows a uniform distribu-
tion U [0, 2]. Each firm has a uniform random yield factor ε ∼
U [0.5, 1]. Implementing the tâtonnement scheme with a tol-
erance 10−6, we find two quantity equilibria: (1.112, 0.1814)

and (0.1814, 1.112). Because it is a symmetric game, we
can also find another equilibrium with the same quantities
(0.463, 0.463). Figure 1 plots the best response functions and
the two best response curves have multiple intersections.

We close this subsection by noting that the preceding
results (i.e., Proposition 1 and Theorem 1) can be extended
when random yield factors are dependent. If the εi are depen-
dent with a joint density function g(ε1, ε2), by the similar
derivation we can rewrite the first-order condition (3) for the
interior optimum as, for i, j = 1, 2 and i �= j ,

(pi − δici)E[εi] − (1 − δi)ci

pi − si

=
1∫
0

1∫
0

εiFDs
i |εj

(Q∗
i εi)g(ε1, ε2)dε1dε2. (4)
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To show the unique equilibrium for the Bernoulli case, we
can define four probabilities to describe the joint yield dis-
tribution: λ11 = Pr{ε1 = 1, ε2 = 1}, λ10 = Pr{ε1 = 1, ε2 =
0}, λ01 = Pr{ε1 = 0, ε2 = 1}, and λ00 = Pr{ε1 = 0, ε2 = 0}.
Invoking these λ’s in the first-order condition, one can show
that the best response is a contraction mapping if both switch-
ing rates are strictly less than one as we did in the case of
independent Bernoulli yield.

3.3. Comparative Statics

In this subsection, we mainly investigate how the equi-
librium quantities and firms’ expected profits change as one
firm’s yield reliability level varies. In the case of multiple
equilibria, we focus on the equilibria (Q̄∗

1, Q∗
2
) and (Q∗

1
, Q̄∗

2).

PROPOSITION 2: For all i, j = 1, 2 and i �= j , (i) Q̄∗
i

and Q∗
i

are increasing in γji , and Q∗
j

and Q̄∗
j are decreasing

in γji . (ii) If δi ≤ si

ci
and Gi(x, ai) is a truncated distribution

in [ai , 1] from a general distribution G0
i (x) which is indepen-

dent of ai , then Q̄∗
i and Q∗

i
are increasing in ai , and Q∗

j
and

Q̄∗
j are decreasing in ai . (iii) If δi ≤ si

ci
and εi is a Bernoulli

distribution with parameter (1, ai), then for the unique equi-
librium (Q∗

1, Q∗
2), Q

∗
i is increasing in ai and Q∗

j is decreasing
in ai .

Part (i) states that if a firm can absorb more unsatisfied cus-
tomers from its competitor, in the equilibrium this firm would
choose a larger quantity and its competitor would order less.
For the inventory competition with perfect yield reliability, a
similar result has been shown in the literature. In the presence
of yield uncertainty, there can be multiple equilibria, and we
generalize this result to the equilibria (Q̄∗

1, Q∗
2
) and (Q∗

1
, Q̄∗

2).
Parts (ii) and (iii) state, for certain random yield distrib-

utions1, how yield reliability levels affect the quantity equi-
librium when δi ≤ si

ci
. When the refund rate is sufficiently

low such that δici ≤ si , that is, the unit refund for defective
items is not greater than the salvage value, a higher reliability
level always encourages the firm to choose a larger produc-
tion quantity and also prevents the competitor from doing
so. Besides reducing yield failures, our result implies that
an improvement in yield reliability can also bring additional
benefit for a competing firm through inducing its competitor
to choose a small quantity.

1 In part (ii), the condition for distribution Gi(·, ai) requires the
yield factor to have a support between ai and 1. A simple exam-
ple is the uniform distribution [ai , 1]. Such truncated distributions
are observed in many production processes. If a product fails to
meet a certain quality standard, the product will be scrapped or
reworked. Also, in a serial production line, only qualified items will
be processed in the subsequent steps. The output of the above two
kinds of production process follows a truncated distribution [16]. In
this case, improving the index ai can be interpreted as adopting the
production equipment or process with a high-quality standard.

In fact, we have ∂2π
q

i

∂Qi∂ai
≥ 0 for all (Q1, Q2) if the condi-

tions in part (ii) or part (iii) hold. The interpretation of this is
that the yield reliability level is complementary to the order
quantity. We highlight this point in the following corollary.

COROLLARY 1: For i = 1, 2, if Gi(x, ai) is a truncated
distribution in [ai , 1] from a general distribution G0

i (x) or
Gi(x, ai) follows a Bernoulli distribution with success prob-
ability ai , the inequality δi ≤ si

ci
implies that the quantity

Qi and reliability level ai are complementary instruments for
firm i in the competition. That is, for any fixed Qj and aj (j �=
i), the expected profit of firm i is supermodular in (Qi , ai).

The next proposition states the effect of yield reliability on
the firm’s profit in the equilibrium.

PROPOSITION 3: Suppose δi ≤ si

ci
. For i, j = 1, 2 and

j �= i, (i) If Gi(x, ai) is a truncated distribution in [ai , 1] from
a general distribution G0

i (x), under the equilibria (Q̄∗
1, Q∗

2
)

and (Q∗
1
, Q̄∗

2), the expected profit of firm i is increasing in
its reliability index ai and decreasing in its competitor’s reli-
ability index aj ; (ii) If εi is a Bernoulli distribution with
parameter (1, ai), the expected profit of firm i is increasing
in its reliability index ai and decreasing in its competitor’s
reliability index aj .

Under the same conditions as in Proposition 2, with a
higher reliability level, a firm is able to earn more profit,
whereas its competitor’s profit will be reduced. We can take
a closer look at the marginal profit by increasing the reliabil-
ity level. Taking the total derivative of π

q

i with respect to ai ,
we have

∂π
q

i (Qi
∗(a)|Qj

∗(a), a)

∂ai

= ∂π
q

i

∂Q∗
i

∂Q∗
i

∂ai︸ ︷︷ ︸
0

+ ∂π
q

i

∂Q∗
j︸︷︷︸

−

∂Q∗
j

∂ai︸︷︷︸
−

+ ∂π
q

i

∂ai

|
Q=Q∗(a)︸ ︷︷ ︸
+

. (5)

The first term is zero by the first-order optimality condition.

One can show
∂Q∗

j

∂ai
≤ 0 and ∂π

q

i

∂ai
≥ 0 if the conditions in

Proposition 3 are satisfied. From the above expression, we
find that improving the reliability has two effects which con-
tribute together to the firm’s profit. The second term indicates
that a higher reliability level reduces the competitor’s equilib-
rium quantity and hence enlarges the firm’s effective demand
share, which leads to an increase in its expected profit. The
third term indicates that a high-reliability level, in a more
direct way, increases the expected profit with the quantity
being fixed.

Note that δi ≤ si

ci
provides a sufficient (but not neces-

sary) condition under which equilibrium quantities have the
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Figure 2. Effect of yield reliability with δ = 0.4, 0.7, 1.0: uniform yield [ai , 1]. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

monotone property discussed above. When δi > si

ci
, this

monotone property, however, may or may not hold, as shown
by Example 2.

EXAMPLE 2: Two firms have identical parameters: p1 =
p2 = 6, c1 = c2 = 3, s1 = s2 = 1, γ12 = γ21 = 0.9, and
δ1 = δ2 = δ. D1 and D2 independent and identically follow
a gamma distribution with mean of 10 and cv (coefficient of
variation) = 0.6. The reliability factor εi follows a uniform
distribution [ai , 1] for both i = 1, 2. For δ ∈ {0.4, 0.7, 1.0},
when a1 varies and a2 is fixed as 0.5, the equilibrium quanti-
ties2 are reported in Figs. 2a and 2b, and the expected profits
are plotted in Figs. 2c and 2d.

When δ = 0.4, although it is greater than si

ci
, the equilib-

rium quantities still exhibit the monotone property as stated
in Proposition 2. However, when δ = 0.7, Q∗

1 first increases
and then decreases as a1 becomes larger. When δ = 1, that is,
the firm gets a full refund for defective items, Q∗

1 is in fact
decreasing in a1. Intuitively, there are two opposite effects of

2 They are computed with the tâtonnement scheme and we report
the equilibrium (Q̄∗

1, Q∗
2
) for instance. For the equilibrium (Q∗

1
, Q̄∗

2)

we have similar observations.

ai on Q∗
i .3 First, a higher value of ai incentivizes firm i to

increase Qi as the effective cost is lower. Second, a greater
value of ai enables firm i to choose a lower initial quantity
to obtain the same number of effective units. With a small
δi , the former effect dominates the latter. This is because the
effective cost, which is given be (1−δi )ci

E[εi ] +δici , becomes more
dependent on E[εi] with a lower refund rate. When δ = 1, the
effective cost is simply ci and independent of E[εi]. Hence,
the latter effect becomes dominant, so the firm reduces the
initial quantity as the reliability level increases. Conversely,
Q∗

2 exhibits a decreasing trend for all values of δ. In partic-
ular, when δ = 1, both Q∗

1 and Q∗
2 are decreasing in a1. This

implies that a higher a1 can lower the competitor’s initial
quantity Q∗

2 even though firm 1 also chooses a smaller quan-
tity. In addition, we find for all values of δ, firm 1’s expected
profit is increasing in a1, whereas firm 2’s expected profit
is decreasing in a1 (see Figs. 2c and 2d). In particular, the
marginal benefit for firm 1 from improving a1 turns out to be
smaller as the refund rate becomes higher.

In the case of Bernoulli yield, however, a high success
probability does not induce firm 1 to lower initial quantity

3 We graciously thank the review team for prompting the following
discussion.
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Figure 3. Effect of yield reliability with δ = 0.4, 0.7, 1.0: Bernoulli yield. [Color figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]

even when δ = 1, as shown in Fig. 3a. This is because a higher
reliability level only reduces the effective cost but cannot
enable the firm to receive the same number of good units
with a smaller initial quantity as the actual output is always
“all or nothing”.

4. THE MODEL WITH ENDOGENOUS YIELD
RELIABILITY

4.1. Description and Assumptions

In this section, we allow the reliability levels to be endoge-
nously determined by the firms. Let a0

i be the initial reliability
level of firm i. Before placing the initial order, each firm may
invest in its production reliability such that the initial index
a0

i is increased to ai (ai ≥ a0
i ). Firm i has to pay a cost Ii(ai)

for improving its reliability level to ai . Assume that Ii(ai) is
increasing and convex in ai and Ii(a

0
i ) = 0.

We consider the following sequence of events. At the
beginning, the firms select their desired reliability levels
(a1, a2) to improve and incur the improvement cost. We
assume that once these levels are reached, the reliability lev-
els are observable. For example, a firm’s reliability level can
be learned by others through the quality certificates (e.g.,
ISO9000) it obtained. Based on these reliability levels, the
firms decide the initial order quantities (Q1, Q2). The actual

output is then realized and unsatisfied customers switch to the
other firm. Therefore, we have a two-stage game as illustrated
in Fig. 4 .

Let (Q∗
1(a), Q∗

2(a)) be the equilibrium quantities in the
second stage, then firm i maximizes the first-stage profit by
choosing a reliability level ai . The first-stage problem of firm
i can be written as

max
ai≥a0

i

π r
i (ai |aj ) = π

q

i (Q∗
i (a)|Q∗

j (a), a) − Ii(ai),

which equals the expected profit in the equilibrium of the
second-stage quantity game minus the cost for reliability
improvement. Note that we use superscript “r” to denote the
expected profit in the reliability game, and the second-stage
profit π

q

i is the same as the profit function defined in the
quantity game with exogenous yield reliability.

For the analytical tractability, we need the following
assumptions. Numerical experiments in Section 4.4 will
investigate more general cases where these assumptions are
relaxed.

ASSUMPTION 1: For firm i = 1, 2, the random yield fac-
tor εi follows a Bernoulli distribution with success probability
ai .

As shown in Theorem 1, the Bernoulli-type random yield
guarantees the uniqueness of the quantity equilibrium, which
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Figure 4. Sequence of events

enables us to derive analytical results for the first-stage reli-
ability game. This assumption corresponds to the situation
where the production is completely shut down due to cata-
strophic events. For chemical manufacturers, unreliable yield
process may lead to production accidents which result in a
complete shutdown of the production. For instance, in 2012
the chemical manufacturer, Evonik Industries, suffered an
explosion at one of its nylon resin plants supplying PA12, a
key component for auto fuel lines and brake lines [3]. This
led to a production shutdown for months. The explosion was
caused by an overdosage of a catalyst, and to prevent such
production accidents from happening again, Evonik started to
implemented additional safety measures [2]. In pharmaceuti-
cal industry, plants can be shut down due to violations of the
U.S. Food and Drug Administration standards (e.g., product
contamination [9, 27]). The companies may consider adopt-
ing high-quality technology and process to prevent product
contamination. In our model, 1−ai represents the probability
of production accidents or contamination occurring, which
can be reduced by adopting more reliable safety measures
and production process.

ASSUMPTION 2: For firm i = 1, 2, the initial demand
share Di is deterministic.

Assumption 2 excludes any uncertainty irrelevant to yield
reliability so that we can restrict our attention to the relia-
bility decisions. In other words, all the randomness of effec-
tive demand DS

i arises from the competitor’s yield uncer-
tainty. For automotive parts manufacturers, it is possible to
know their regular customers’ (i.e., automakers) order before
production and choosing the reliability mode.

4.2. Analysis

4.2.1. The Second-Stage Problem

We solve the two-stage game backward. The second stage
of the game can be regarded as a restricted version of the

model with exogenous reliability. Under Assumptions 1 and
2, the expected profit in the quantity game becomes piecewise
linear. We can write it as

π
q

i (Qi |Qj , a)

= ((pi − δici)ai − (1 − δi)ci)Qi

− (pi − si)aiEεj
[(Qi − DS

i )
+]

= ((pi − δici)ai − (1 − δi)ci)Qi

− (pi − si)aiaj (Qi − Di − γji(Dj − Qj)
+)

+

− (pi − si)ai(1 − aj )(Qi − Di − γjiDj )
+. (6)

The best response of the second-stage quantity game then
relies on the slope of each piece in the payoff function. If
(pi − δici)ai − (1 − δi)ci ≤ 0, the firm chooses to produce
nothing. Note that it just fails the entry condition stated in
the Proposition 1. If (pi − δici)ai − (1 − δi)ci > 0, the opti-
mal order quantity for firm i could be either Di + γjiDj or
Di + γji(Dj − Qj)

+ and is determined by whether (pi −
δici)ai − (1 − δi)ci − (pi − si)aiaj > 0 or not.

We define

φi(ai) = (pi − δici)ai − (1 − δi)ci

(pi − si)ai

. (7)

For any given (a1, a2), the best response quantity of firm i
can then be written as

Q∗
i (Qj ) =

⎧⎪⎨
⎪⎩

0 if φi(ai) ≤ 0

Di + γji(Dj − Qj)
+ if 0 < φi(ai) ≤ aj

Di + γjiDj if φi(ai) > aj

.

(8)

Note that φi(ai) reflects the trade-off between shortage
cost and overage cost, like the critical fractile in the stan-
dard newsvendor problem. A large value of φi(ai) implies
that shortage is relatively expensive so the firm tends to pro-
duce more. For convenience, we define φi = pi−ci

pi−si
. Then,
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Table 1. Summary of threshold values.

ψi = (1−δi )ci
pi−δi ci

Entry reliability: determining whether to choose a positive quantity

φi(ai) = (pi−δi ci )ai−(1−δi )ci
(pi−si )ai

Determining the initial quantity as Di + γji(Dj − Qj)
+ or Di + γjiDj

φi = φi(1) = pi−ci
pi−si

The largest value of φi(ai)

aA
j = φi(a

∗
i ) Determining whether a∗

i is attained as an interior solution
aB

j such that aB
j = φi(a

∗∗
i (aB

j )) Determining whether a∗∗
i (aj ) is attained as an interior solution

for δi < 1, φi(ai) is a concave increasing function with
φi(ψi) = 0 and φi(1) = φi . For δi = 1, φi(ai) is always equal
to φi . For expositional clarity, all threshold values defined in
the article are summarized in Table 1.

The best response function is characterized by one of the
three cases based on the value of φi(ai). If φi(ai) < 0 which
implies ai is smaller than the lowest necessary reliability level
ψi , then the firm will refuse to enter the market and will pro-
duce nothing. If 0 < φi(ai) ≤ aj , it is optimal to order a
quantity of Di + γji(Dj − Qj)

+, which is dependent on the
competitor’s strategy. Finally, if φi(ai) > aj , the firm will
order a quantity of Di + γjiDj . Note that in the third case,
the best response of firm i is always Di + γjiDj , regardless
of the strategy of firm j. This is because from firm i’s per-
spective, the competitor’s reliability aj is low enough such
that it makes sense to try to take over the competitor’s market
share.

The following theorem characterizes the quantity equilib-
rium which can be achieved for different pairs of reliability
indices (a1, a2).

THEOREM 2: For i, j = 1, 2 and i �= j , the quantity
equilibrium in the second-stage game is one of the five cases:
(I) (0, 0), (II) (Di + γjiDj , 0) or (0, Dj + γijDi), (III) (Di ,
Dj ), (IV) (Di + γjiDj , Dj) or (Di , Dj + γijDi), and (V)
(Di + γjiDj , Dj + γijDi).

1. The Case of δi < 1 and δj < 1
1.1. If φi > ψj and φj > ψi , the quantity equi-

librium can be (I), (II), (III), (IV), or (V) as
shown in Figs. 5a and 5b.

1.2. If φi ≤ ψj and φj ≤ ψi , the quantity equi-
librium can be (I), (II), or (III) as shown in
Fig. 5c.

1.3. If φi > ψj and φj ≤ ψi , the quantity equi-
librium can be (I), (II), (III), or (IV) as shown
in Fig. 5d.

2. The Case of δi = 1 or δj = 1
2.1. If δi = 1 and δj = 1, the quantity equilib-

rium can be (III), (IV), or (V) as shown in
Fig. 5e.

2.2. If δi < 1, δj = 1 and φj > ψi , the quantity
equilibrium can be (II), (III), (IV), or (V) as
shown in Fig. 5f.

2.3. If δi < 1, δj = 1 and φj ≤ ψi , the quan-
tity equilibrium can be (II), (III), or (IV) as
shown in Fig. 5g.

Region (I) represents the case in which neither firm is will-
ing to enter the market, which occurs if the reliability levels
of both firms are lower than the entry requirements. In Region
(II), only one firm’s reliability fails to meet the entry require-
ment; the other firm chooses to order its entire potential
demand, Di +γjiDj . Region (III) indicates the case in which
each firm orders its initial demand. It happens when neither
of the firms has a significant advantage in yield reliability. In
Region (IV), one firm is significantly ahead in terms of reli-
ability. This firm would order more than its initial demand
in the hopes of taking a portion of its competitor’s demand,
even if its competitor also orders the initial demand. Region
(V) appears if Regions (IV) overlap. In this region, both firms
are aggressive in their ordering decisions.

4.2.2. The First-Stage Problem

We are now ready to analyze the first-stage reliability
game. Recall that the reliability cost Ii(ai) is assumed to be
convex increasing. Consider the first-stage profit πr

i (ai |aj ) =
π

q

i (Q∗(a), a)−Ii(ai). If Q∗(a) is fixed, πr
i (ai |aj ) is concave

in ai . The best response ai(aj ) is then obtained by

ai(aj ) =

⎧⎪⎪⎨
⎪⎪⎩

a0
i , if ∂π

q

i

∂ai
< dIi (ai )

dai
for all ai

the unique solution such that ∂π
q

i

∂ai
= dIi (ai )

dai

1, if ∂π
q

i

∂ai
> dIi (ai )

dai
for all ai .

(9)

However, π
q

i depends on which quantity equilibrium is
achieved in the second stage so the marginal gain for improv-

ing reliability ∂π
q

i

∂ai
differs. Therefore, we have to find the

candidate solution for each quantity equilibrium and select
the one that generates the highest profit as the best response
in the first stage.

Invoking Theorem 2 and the second-stage payoff func-

tion (6), we have four possible values of ∂π
q

i

∂ai
for different

quantity equilibria. Table 2 lists all the possibilities, where
a∗

i , a∗∗
i (aj ), and a∗∗∗

i are defined as the optimal solutions if the
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Figure 5. Quantity equilibrium with deterministic initial demand
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Table 2. Candidate solutions to the first-stage problem.

Quantity equilibrium (Q∗
i , Q∗

j ) Marginal gain
∂π

q
i

∂ai
Optimal reliability

(0, 0), (0, Dj + γijDi) 0 a0
i

(Di , Dj), (Di , Dj + γijDi) (pi − δici)Di a∗
i

(Di + γjiDj , Dj), (Di + γjiDj , Dj + γijDi) (pi − δici)Di + [(pi − δici) − (pi − si)aj ]γjiDj a∗∗
i (aj )

(Di + γjiDj , 0) (pi − δici)(Di + γjiDj ) a∗∗∗
i

corresponding (Q∗
i , Q∗

j ) is achieved and can be calculated by

substituting the corresponding ∂π
q

i

∂ai
into (9). Note that some

of the candidate solutions may not be attained given a par-
ticular aj as whether the quantity equilibrium is achievable
also hinges on aj .

a∗
i is the solution under the equilibrium where firm i

chooses the order quantity Di . As a∗
i is chosen for the equi-

librium where firm i only obtains the initial demand Di , we
name it as the prude strategy. a∗∗

i (aj ), which decreases in aj ,
is the solution for the equilibrium where firm i chooses the
order quantity Di + γjiDj in the hopes of occupying parts
of the competitor’s initial demand, so we label a∗∗

i (aj ) as
the aggressive strategy. Finally, a∗∗∗

i is the solution under the
quantity equilibrium where firm j does not enter the market
so we name it as the monopolistic strategy.

The following theorem characterizes the best response
function in the first-stage game.

THEOREM 3: For i, j = 1, 2 and j �= i, (i) if φi ≤ ψj ,
the best response of firm i is given by

ai(aj ) =
{

a∗
i if aj > ψj ,

a∗∗∗
i if aj ≤ ψj ;

(10)

(ii) if φi > ψj , there exist two thresholds aA
j and aB

j

(aA
j ≤ aB

j ≤ φi), where aA
j = φi(a

∗
i ) and aB

j is the unique
solution such that aB

j = φi(a
∗∗
i (aB

j )). The best response
function of firm i is given by

ai(aj )

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

a∗
i if aj > aB

j ,

a∗
i or a∗∗

i (aj ), chosen from max

(πr
i (a∗

i |aj ), πr
i (a∗∗

i |aj )) if aA
j < aj ≤ aB

j ,

a∗∗
i (aj ) if ψj < aj ≤ aA

j ,

a∗∗∗
i if aj ≤ ψj .

(11)

The monopolistic strategy is evidently dominant given
aj ≤ ψj , that is, when firm j does not meet the entry
requirement. If firm j chooses a high-reliability level such
that aj > φi , firm i would choose the prude strategy as the
chance of occupying its competitor’s market is quite slim.

For aj between ψj and φi , we have to consider the two
threshold values defined in Theorem 3. aB

j gives the turning
point above which a∗∗

i (aj ) is not attained (given aj > aB
j , the

quantity equilibria associated with a∗∗
i (aj ) are not achievable

at ai = a∗∗
i (aj )). Similarly, aA

j serves as the turning point
below which the prude strategy a∗

i is not attained. If firm
j’s reliability level lies between aA

j and aB
j , both prude and

aggressive strategies are feasible for firm i. Then, the firm has
to compare the payoffs with the strategies a∗

i and a∗∗
i (aj ). The

complication is essentially due to that the first-stage decision
will affect the quantity equilibrium that will be achieved in
the second stage. The firms, thus, need to look ahead when
they make the reliability improvement.

REMARK 1: In the best response function, we have a∗
i ≤

a∗∗
i (aj ) ≤ a∗∗∗

i .
The above inequalities can be verified by comparing the

values of ∂π
q

i

∂ai
in Table 2 and noticing that a∗∗

i (aj ) is chosen

only if ψj < aj ≤ φi . This is basically because the marginal
gain for improving reliability is higher when the firm has a
larger market share in the quantity equilibrium.

REMARK 2: The first-stage payoff function may not be
quasiconcave.

One may have observed that given aA
j < aj ≤

aB
j , the optimal payoff function is given by max(πr

i (a∗
i |

aj ), πr
i (a∗∗

i (aj )|aj )). That is, the payoff function with respect
to ai is the maximum of two different concave functions of
ai . Hence, the payoff function is not unimodal. The reason
for this is that the firm can choose the most profitable quantity
equilibrium by strategically selecting the reliability level in
the first stage.

We then want to fully characterize the reliability game.
Note that a∗

i ≤ a∗∗
i (aj ) ≤ a∗∗∗

i and a∗∗
i (aj ) is decreas-

ing in aj . In fact, we can also show that within the interval
aA

j < aj ≤ aB
j the best response ai(aj ) is nonincreasing

in aj . As a result, the best response function characterized
in Theorem 3 is (weakly) decreasing. Hence, the reliability
game is submodular, which implies that a higher reliability
level induces the competitor to choose a lower reliability level
in the equilibrium. Like the quantity game with given relia-
bility levels, among all reliability equilibria (a1, a2), there
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Figure 6. Best response function of reliability level ai(aj )

exists an equilibrium (ā1, a2) [(a1, ā2)] containing the high-
est [lowest] equilibrium level of a1 and the lowest [highest]
equilibrium level of a2.

THEOREM 4: The first-stage game is submodular in (a1,
a2). There exist Nash equilibria (ā1, a2) and (a1, ā2) where āi

and ai are, respectively, the highest and lowest equilibrium
reliability levels for firm i (i = 1, 2). If āi = ai for all i, there
is a unique equilibrium.

In general, the best response function is discontinuous,
as illustrated in Fig. 6. For example, it is not continuous at
aj = ψj unless δj = 1, which implies ψj = 0. The other
discontinuous point occurs when the optimal strategy jumps
from a∗∗

i (aj ) to a∗
i .

By the best response function, if the initial reliability lev-
els for both firms are already high enough, a∗

i will be the
dominant strategy. Consequently, the resulting equilibrium
is unique.

PROPOSITION 4: (a∗
1 , a∗

2) is the unique equilibrium pro-
vided that the initial reliability level a0

i > aB
i for all i = 1, 2.

Moreover, a∗
i only depends on firm i’s own characteristics.

Proposition 4 describes a mature market where the firms’
production technologies or processes are already good. In
such a market, the firms’ reliability levels are high enough
to deter each other from adopting an aggressive strategy.
As a result, each firm chooses to maintain its own busi-
ness and only pursues a “prude” reliability a∗

i rather than an
“aggressive” or “monopolistic” reliability. In other words, the
competition weakens the firm’s incentive to improve the yield
process. The rationale behind is that the competing firm has a
limited market share and so the marginal gain from improving

reliability is relatively small. Consequently, they are reluctant
to pursue as high a reliability level as a monopoly does.

Consider a special case where one unreliable firm com-
petes with one perfectly reliable firm. The firm with perfect
yield reliability, say firm j (that is, a0

j = 1), can at least fulfill
its initial demand share. As a result, the unreliable firm would
never choose an aggressive strategy to produce Di + γjiDj .
According to Theorem 2, the quantity equilibrium in the
second stage then depends only on firm i’ reliability level
ai .

PROPOSITION 5: For i, j = 1, 2 and j �= i, provided
that a0

j = 1, in the second-stage game with any ai , the
quantity equilibrium is one of the following three cases:

(Q∗
i , Q∗

j ) =

⎧⎪⎨
⎪⎩

(0, Dj + γijDi) if ai < ψi ,

(Di , Dj + γijDi) if ψi ≤ ai < φj ,

(Di , Dj) if ai ≥ φj .

(12)

In the first-stage game, firm i will always choose the
reliability level a∗

i .
As summarized in Proposition 5, in the second stage firm i

only chooses from 0 and Di according to its entry reliability,
while the reliable firm j chooses either Dj + γijDi or Dj ,
depending on whether its competitor is reliable enough. In
the first stage, the reliability choice of firm i is rather straight-
forward. The prude reliability level is a dominant strategy for
firm i, because with a0

j = 1 firm i cannot end up with a market
share Di + γjiDj .

Finally, the following proposition gives the comparative
statics based on the submodular property.

PROPOSITION 6: For i, j = 1, 2 and i �= j , the equilib-
rium reliability levels āi and ai are nondecreasing in γji , and
nonincreasing in γij .

Proposition 6 implies that the equilibrium reliability levels
are sensitive to the customer switching rate in the inventory
competition. A firm will select a high-reliability level if it has
a chance to absorb a large portion of its competitor’s unmet
demand and vice versa. This result suggests that it would be
conductive to the yield reliability improvement if a manufac-
turer can attract more of other firm’s customers to consider it
as a backup vendor.

4.3. Special Case: The Symmetric Game with Linear
Improvement Cost

To gain more insights from the reliability game, we con-
sider a symmetric game in which two firms have the same
parameters and improving reliability incurs a linear cost. Let
I (ai) = (ai − a0)m where m is the cost rate. With this lin-
ear cost function, the best response in the reliability game is
either to improve the reliability to ai = 1 or to simply adopt
ai = a0. As the two firms are ex ante identical, we can
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Figure 7. Best response of reliability investment with linear improvement costs

Figure 8. Pure strategy Nash equilibria in the symmetric game with linear improvement costs (I = Improve; N = Not Improve).

normalize their initial demand to one, that is, D = 1. By apply-
ing Theorem 3, we can derive the best response function,
which is illustrated in Fig. 7 for any given cost rate m. The
highest cost margin for a firm to make the improvement is
decreasing in the competitor’s action aj . This is because firm
i’s marginal gain from improvement is decreasing in aj . Intu-
itively, when firm j is reliable enough, the expected market
share of firm i will be small because of the slim possibility
of obtaining the extra demand γ D from firm j. Hence, even
though firm i purchases a perfect yield process, the expected
reward can be limited if aj is sufficiently high.

Based on the best responses, we can characterize the pos-
sible pure strategy Nash equilibria with any given cost rate m
and initial reliability level a0 in Fig. 8. Recall that p − δc

equals the marginal gain from improving when the firm
only obtains its own demand D (see Table 2). Hence, when
m < p − δc, the improvement will be a dominant strategy
whether the competitor chooses to improve or not. As a result,
(I, I) will be the unique equilibrium. Similarly, (p−δc)(1+γ )

is the marginal gain if the competitor does not enter the mar-
ket. Thus, when m > (p − δc)(1 + γ ), (N, N) will be a
dominant equilibrium.

For p−δc ≤ m ≤ (p−δc)(1+γ ), the results are slightly
different in the cases of ψ ≥ φ and ψ < φ. However, in
both scenarios there exists a region in which the Nash equi-
librium is either (I, N) or (N, I) (i.e., only one firm chooses to
improve). This happens when a firm thinks the improvement
worthwhile unless the competitor also chooses to improve.
If firm j does not improve, that is, aj = a0, firm i will enjoy
a high probability of taking over the additional demand γ D.
This gives firm i an expected market share which is large
enough to induce improvement. Conversely, if firm j chooses
to improve, that is, aj = 1, firm i can only get its own demand
and the resulting marginal gain from improvement can no
longer compensate the marginal cost m. As a result, only one
firm would choose to improve in the equilibrium. In addition,
the asymmetric equilibrium only occurs when a0 is relatively
low. When a0 > φ, even if firm j does not improve, aj = a0

is high enough to prevent firm i from improving.
Our results shed light on why there often exist both high-

reliability and low-reliability firms supplying similar prod-
ucts to the market. For a newly developed product (e.g.,
some electronic components for automobiles), the produc-
tion technology can be unreliable among all firms in the
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Figure 9. Best responses with uncertain demand and Beta random yield. [Color figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]

market. All firms can then be regarded as identical ones
with low initial reliability levels. Some firms expecting large
market shares will invest more in the reliability, whereas
others may be reluctant to do so because they think the
improvement not worthwhile if other firms choose to retain
customers by improving the yield reliability. As a result, the
equilibrium outcome will be asymmetric as predicted by our
model.4

4.4. Numerical Study

Thus far, we have derived analytical results under Assump-
tions 1 and 2. In this subsection, we conduct numerical
experiments to test whether the basic results obtained also
apply in more general settings with uncertain demand and
other yield distributions.

Consider two firms that are ex ante identical. Set p =
6, c = 4, s = 1, δ = 0.6 and γ21 = γ12 = 0.9. Improv-
ing the reliability level from a0

i to ai incurs a cost I (ai) =
m(ai − a0

i )
2
, where m = 0.8. In the experiments, we consider

four types of demand distributions: exponential, normal, uni-
form, and gamma distributions. The yield factor εi follows the
beta distribution with parameters (ai , b). Firm i can improve
the yield reliability by increasing the value of ai . We consider
two groups of experiments with b = 0.5 and 2, respectively,
so as to include different shapes of density curves.

The second-stage equilibrium is computed with the tâton-
nement scheme. As stated in Remark 2, the first-stage payoff
function may not be unimodal. Hence, the strategy space of ai

4 For example, among automotive electronics manufacturers, one
of well-known giant firms is Foxconn. Unlike Foxconn serving the
worldwide market, some small and less reliable firms in China also
supply automotive electronic parts to their local market. This fact is
consistent with our equilibrium outcome.

is equally discretized into twelve values, and we conduct an
exhaustive search to solve the first-stage game. The first-stage
best response functions are reported in Fig. 9a.

In eight scenarios with various combinations of yield and
demand distributions, we find that all best response functions
are nonincreasing. Although the submodularity of the first-
stage game is proved in the case of deterministic demand
and Bernoulli yield, this property appears to be valid in more
general settings.5 Next, we consider the effect of the demand
switching rate on first-stage equilibria. In Proposition 6, we
have shown the basic monotone properties of equilibrium
reliability levels with respect to γij . We examine if these
properties also apply in more general conditions. We con-
sider the Gamma demand for instance. All parameters remain
the same as in the preceding experiments, except that we
vary γ21 from 0.1 to 0.9 while fixing γ12 = 0.9. With the
tâtonnement scheme,6 we compute (ā1, a2) and (a1, ā2) in
each instance and the results are presented in Table 3 . The
numerical observations conform to the result in Proposition 6.

5. CONCLUSION

In the traditional inventory competition, firms compete
by selecting their stocking levels and a firm’s initial cus-
tomers will switch to the competitor if a stockout occurs.
For manufacturing firms that are subject to random yield,

5 In addition, we also tested the cases where εi follows uniform dis-
tributions [ai , 1] and [0, ai], though the results are not reported here.
In all those instances, the submodularity is also observed.
6 The convergence of the tâtonnement scheme here is not guaranteed
as it is intractable to prove the submodularity in the general settings.
Nevertheless, in all numerical instances we tested the submodu-
larity still holds and hence the tâtonnement scheme successfully
converged to the first-stage equilibria.
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Table 3. Effect of γ21 on the first-stage equilibria.

γ21 (ā1, a2) (a1, ā2)

εi ∼ Beta(ai , 0.5)

0.1 (1.5,1.8) (1.5, 1.8)
0.3 (1.8,1.8) (1.8, 1.8)
0.5 (1.8,1.8) (1.8, 1.8)
0.7 (1.8,1.8) (1.8, 1.8)
0.9 (1.8,1.8) (1.8, 1.8)

εi ∼ Beta(ai , 2)

0.1 (0.6,3) (0.6,3)
0.3 (0.6,3) (0.6,3)
0.5 (0.6,3) (0.6,3)
0.7 (2.7,0.6) (0.6,3)
0.9 (3,0.6) (0.6,3)

stockouts can also be caused by yield failure. In this article,
we study the inventory competition in the presence of yield
uncertainty.

We first study the case where two competing firms decide
the order quantities based on the exogenous yield reliability
levels. Our analysis answers the questions raised in Section 1.

How do the results from the traditional inventory competi-
tion change in the presence of yield uncertainty? Due to yield
uncertainty, there is a lowest reliability level required for the
firm to enter the market (Proposition 1). Like the traditional
inventory competition with completely reliable supply, the
game is submodular (Theorem 1) but yield uncertainty gives
rise to multiple equilibria (Example 1).

What is the effect of yield reliability on the equilibrium
in the inventory competition? Under some conditions, we
show that for the competing firms, quantity and yield reli-
ability serve as complementary instruments (Proposition 2
and Corollary 1). The firm can increase its expected profit
with a higher reliability level, and its competitor’s profit is
also reduced in the equilibrium (Proposition 3). In fact, a
high-reliability level has two effects in increasing the firm’s
expected profit: a direct effect that reduces the firm’s risk
of yield failure and an indirect effect that lowers the com-
petitor’s production quantity in the equilibrium. In addi-
tion, possessing a high-reliability level does not necessar-
ily lead to a large production quantity, especially when
the firm can obtain a very high refund for defective items
(Example 2).

We further consider the case in which the firms can endoge-
nously determine the yield reliability levels before produc-
tion. The problem then becomes a two-stage game. In the
first stage, the firms simultaneously select their reliability lev-
els to improve toward. In the second stage, the initial order
quantities are determined.

Our analysis of the reliability game answers the question:
How do firms make the reliability improvement given a sub-
sequent competition in quantity? If a firm’s initial demand
is deterministic and random yield follows a Bernoulli dis-
tribution, we show that the first-stage game is submodular

(Theorem 4).7 We find that competing firms can be reluc-
tant to pursue a high-reliability level as a monopoly does
(Proposition 4). This result indicates that the competition in
quantity can discourage yield reliability improvement. The
reason is that the potential market share of a competitive firm
is smaller than that of a monopoly, so the marginal gain from
improving reliability is relatively small for the competitive
firm. The equilibrium reliability levels are also sensitive to
the customer switching rate. The firm would choose a higher
reliability level if more customers can switch to it from its
competitor and vice versa (Proposition 6). Hence, it would
be conductive to a firm’s reliability improvement if more of
its competitor’s customers consider it as a backup vendor.
By analyzing a symmetric game where improving reliabil-
ity incurs a linear cost, we find that due to the inventory
competition, two firms with identical parameters may choose
different reliability levels in the equilibrium and this happens
in a nascent market where the initial reliability is relatively
low. By numerical experiments, we demonstrate that the main
results, though derived in a restrictive setting, are robust
when the random yield and demand follow more general
distributions.

Several extensions may be investigated in the future
research. In the model with endogenous reliability, we have
assumed that the initial demand share is exogenously given.
If the customers have some knowledge about the firms’ reli-
ability, they may prefer one firm over the other ex ante. In
this case, the initial demand can also depend on the reliability
levels that are selected in the first-stage game. This situation
can be studied in future research. Furthermore, in the relia-
bility game, we have assumed the firms’ yield processes are
independent. In some cases, firms may have some common
supply sources. If so, the yield processes could be corre-
lated and improving the yield reliability may also benefit
its competitor. However, it would be technically challeng-
ing to incorporate the yield dependence in the two-stage
game framework. Finally, the demand substitution makes
transshipment possible: Two competing firms may exchange
the items by some transfer payment. The inventory decision
and reliability improvement under this situation are worth
studying in the future.
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APPENDIX: PROOFS

PROOF OF PROPOSITION 1: Taking the first-order derivative of firm
i’s payoff function (1) with respect to Qi , we have

∂π
q

i (Qi |Qj , a)

∂Qi

= (pi − δici )E[εi ]

− (pi − si )
∂ED,ε [(Qiεi − Ds

i )
+]

∂Qi

− (1 − δi )ci .

To calculate the derivative of the expectation in the second term, one con-
venient way is to interchange the expectation and the derivative, which is
justified by the fact that the function inside the expectation is integrable and
its derivative is bounded (See Ref. [17]). Hence, we have

∂ED,ε [(Qiεi − Ds
i )

+]
∂Qi

= ED,ε [ ∂(Qiεi − Ds
i )

+

∂Qi

]
= ED,ε [εi1{Q∗

i
εi≥Ds

i
}] = Eε [εiFDs

i
|εj

(Qiεi )],

where FDs
i
|εj

(Qiεi ) = Pr(Di + γji (Dj − Qjεj )
+ ≤ Qiεi |εj ). Thus,

∂π
q

i (Qi |Qj , a)

∂Qi

= (pi − δici )Eε [εi ]

− (pi − si )

1∫
0

1∫
0

εiFDs
i
|εj

(Qiεi )dGj (εj , aj )dGi(εi , ai)

− (1 − δi )ci . (A.1)

Then, by checking the second-order derivative,

∂2π
q

i (Qi |Qj , a)

∂Qi
2

= −(pi − si )

1∫
0

1∫
0

ε2
i fDs

i
|εj

(Qiεi )dGj (εj , aj )dGi(εi , ai) ≤ 0,

that is, π
q

i (Qi |Qj , a) is concave in Qi . By concavity, we know that a pos-
itive Qi maximizes π

q

i (Qi |Qj , a) if and only if (A.1) is greater than zero
at Qi = 0. Substituting Qi = 0 into (A.1) yields the entry condition given by
(2). �

PROOF OF THEOREM 1: We prove part (i) by checking the cross partial
derivative of π

q

i ,

∂2π
q

i (Qi |Qj , a)

∂Qi∂Qj

= −(pi − si )γji

1∫
0

1∫
0

εiεj

∂FDs
i
|εj

(Qiεi )

∂Qj

dGj (εj , aj )dGi(εi , ai) ≤ 0.

The inequality holds as

∂FDs
i
|εj

(Qiεi )

∂Qj

= fDs
i
|Dj >Qj εj ,εj

(Qiεi )Pr
(
Dj > Qj

)
> 0.

For part (ii), the existence of an equilibrium follows by the submodular-
ity. It has been shown that the payoff function π

q

i (Qi |Qj a) is concave in
Qi . Hence, the equilibrium (Q∗

i , Q∗
j ) solves Eq. (3) given by the first-order

conditions.
In part (iii), we assume that the random reliability factor follows a

Bernoulli distribution. The uniqueness of the equilibrium can be shown
by verifying that the best response function is contraction mapping (See
Ref. [5]). We check the absolute value of the slope of the best response
function:

∣∣∣∣ ∂Qi
∗(Qj )

∂Qj

∣∣∣∣ =
∣∣∣∣∣− ∂2π

q
i (Qi |Qj , a)/∂Qi∂Qj

∂2π
q
i (Qi |Qj , a)/∂Qi

2

∣∣∣∣∣

=
γji

1∫
0

1∫
0
εiεj fDs

i |Dj >Qj εj ,εj
(Qiεi )Pr

(
Dj > Qj εj

)
dGj (εj , aj )dGi(εi , ai )

1∫
0

1∫
0
ε2
i fDs

i |εj
(Qiεi )dGj (εj , aj )dGi(εi , ai )

.

Substituting the Bernoulli distribution into the above equation yields

∣∣∣∣ ∂Qi
∗(Qj )

∂Qj

∣∣∣∣ = γjiaiaj fDs
i
|Dj >Qj

(Qi)Pr(Dj > Qj )

aiaj fDs
i
|εj =1(Qi) + ai(1 − aj )fDs

i
|εj =0(Qi)

≤ γjifDs
i
|Dj >Qj ,εj =1(Qi)Pr(Dj > Qj )

fDs
i
|εj =1(Qi)

< 1.

(A.2)

The last inequality holds as γij < 1. �

PROOF OF PROPOSITION 2: According to Theorem 9 of Ref. 5, the
largest and smallest equilibria in the supermodular game are increasing in
a parameter if for every player the payoff functions is supermodular in this
player’s strategy and the parameter.

To prove part (i), it suffices to show ∂π
q

i /∂Qi∂γji ≥ 0 and
∂π

q

j /∂Qj ∂γji ≤ 0, as the game is supermodular in (Qi , −Qj ). We have

∂2π
q

i (Qi |Qj , a)

∂Qi∂γji

= −(pi − si )
∂Eε [εiFDs

i
|εj

(Qiεi )]
∂γji

≥ 0,

as

∂Eε [εiPr(Di + γji (Dj − Qjεj )
+ ≤ Qiεi)]

∂γji

≤ 0.

Together with

∂2π
q

j (Qj |Qi , a)

∂Qj ∂γji

= 0 ≤ 0,

one can conclude that part (i) holds.
The distribution of Gi(·, ai) in part (ii) implies

∂Gi(x, ai)

∂ai

= ∂

∂ai

(
G0

i (x) − G0
i (ai )

G0
i (1) − G0

i (ai )

)
= −g0

i (ai )(G
0
i (1) − G0

i (x))

(G0
i (1) − G0

i (ai ))
2

≤ 0

and

∂gi(x, ai)

∂ai

= ∂

∂ai

(
g0

i (x)

G0
i (1) − G0

i (ai )
) ≥ 0.
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Then, we can check the cross partial derivatives as we did in the proof of
part (i).

∂2π
q

i (Qi |Qj , a)

∂Qi∂ai

= (pi − δici )
∂Eε [εi ]

∂ai

− (pi − si )
∂2ED,ε [(Qiεi − Ds

i )
+]

∂Qi∂ai

=
1∫
0

1∫
0

[(pi − δici )

− (pi − si )FDs
i
|εj

(Qiεi )]εi

∂gi(εi , ai)

∂ai

dεidGj (εj , aj ).

As δi ≤ si
ci

, we have (pi − δici )− (pi − si )FDs
i
|εj

(Qiεi ) ≥ (pi − δici )−
(pi − si ) ≥ 0. As ∂gi(εi , ai)/∂ai ≥ 0, we have ∂2π

q

i /∂Qi∂ai ≥ 0. Also,

∂2π
q

j (Qj |Qi , a)

∂Qj ∂ai

= −(pj − sj )
∂2ED,ε [(Qj εj − Ds

j )
+]

∂Qj ∂ai

= −(pj − sj )
∂Eε [εjFDs

j
|εi

(Qj εj )]
∂ai

≤ 0.

The inequality holds as
∂Eε [εj FDs

j
|εi (Qj εj )]

∂ai
≥ 0, which can be checked by

conditioning on whether Di is entirely satisfied:

∂Eε [εjFDs
j
|εi

(Qj εj )]
∂ai

=
{

∂Eε [εj Pr(Dj ≤Qj εj )]
∂ai

= 0 if Di ≤ Qiεi

∂Eε [εj Pr(Dj +γij Di≤γij Qi εi+Qj εj )]
∂ai

≥ 0 if Di > Qiεi

Now, we are going to prove part (iii) using the Implicit Function Theorem.
Let H be the Hessian matrix of the first-order conditions. One can verify that

|H | = det

∣∣∣∣∣∣∣∣∣

∂2π
q

i

∂Q2
i

∂2π
q

i

∂Qi∂Qj

∂2π
q

j

∂Qi∂Qj

∂2π
q

j

∂Q2
j

∣∣∣∣∣∣∣∣∣
> 0.

According to the Implicit Function Theorem, we have

∂Q∗
i

∂ai

= −det

∣∣∣∣∣∣∣∣∣
∂2π

q

i

∂Qi∂ai

∂2π
q

i

∂Qi∂Qj

∂2π
q

j

∂Qj ∂ai

∂2π
q

j

∂Q2
j

∣∣∣∣∣∣∣∣∣
/

|H |,

∂Q∗
j

∂ai

= −det

∣∣∣∣∣∣∣∣∣
∂2π

q

i

∂Qi∂ai

∂2π
q

i

∂Qi∂Qj

∂2π
q

j

∂Qj ∂ai

∂2π
q

j

∂Q2
j

∣∣∣∣∣∣∣∣∣
/

|H |.

Substituting the Bernoulli distribution into the second-order derivatives,
we have

det

∣∣∣∣∣∣∣∣∣
∂2π

q

i

∂Qi∂ai

∂2π
q

i

∂Qi∂Qj

∂2π
q

j

∂Qj ∂ai

∂2π
q

j

∂Q2
j

∣∣∣∣∣∣∣∣∣
= ∂2π

q

i

∂Qi∂ai︸ ︷︷ ︸
+

∂2π
q

j

∂Q2
j︸ ︷︷ ︸

−

− ∂2π
q

i

∂Qi∂Qj︸ ︷︷ ︸
−

∂2π
q

j

∂Qj ∂ai︸ ︷︷ ︸
−

≤ 0,

det

∣∣∣∣∣∣∣∣∣
∂2π

q

i

∂Q2
i

∂2π
q

i

∂Qi∂ai

∂2π
q

j

∂Qi∂Qj

∂2π
q

j

∂Qj ∂ai

∣∣∣∣∣∣∣∣∣
= ∂2π

q

i

∂Q2
i︸ ︷︷ ︸

−

∂2π
q

j

∂Qj ∂ai︸ ︷︷ ︸
−

− ∂2π
q

i

∂Qi∂ai︸ ︷︷ ︸
+

∂2π
q

j

∂Qi∂Qj︸ ︷︷ ︸
−

≥ 0.

Note that the condition δi ≤ si
ci

is required for ∂2π
q

i /∂Qi∂ai ≥ 0. Then,
we have ∂Q∗

i /∂ai ≥ 0 and ∂Q∗
j /∂ai ≤ 0. �

PROOF OF PROPOSITION 3: We prove this proposition by checking
the total derivatives of π

q

i and π
q

j with respect to ai .

∂π
q

i (Qi
∗(a)|Qj

∗(a), a)

∂ai

= ∂π
q

i

∂Q∗
i

∂Q∗
i

∂ai

+ ∂π
q

i

∂Q∗
j

∂Q∗
j

∂ai

+ ∂π
q

i

∂ai

.

The first term is equal to zero by the first-order optimality condition. For
the second term, we have already shown ∂Q∗

j /∂ai ≤ 0 in Proposition 3.
And

∂π
q

i

∂Qj

∣∣∣∣
Qi=Q∗

i
(a)

= −(pi − si )
∂ED,ε [(Q∗

i εi − Ds
i )

+]
∂Qj

≤ 0,

where the inequality holds as

∂ED,ε [(Q∗
i εi − Ds

i )
+]

∂Qj

= γji

1∫
0

1∫
0

εjFDs
i
|Dj >Qj εj ,εj

(Q∗
i εi )

× Pr
(
Dj > Qjεj

)
dGi(εi , ai)dGj (εj , aj ) ≥ 0.

Then, we have shown that the second term is nonnegative. The remaining
work is to show that the third term is also nonnegative.

∂π
q

i

∂ai

∣∣∣∣
Q=Q∗(a)

= (pi − δici )Q
∗
i

∂E[εi ]
∂ai

− (pi − si )
∂E[(Q∗

i εi − Ds
i )

+]
∂ai

=
1∫
0

1∫
0

[(pi − δici ) − (pi − si )FDs
i
(Q∗

j
)|εj

(Q∗
i εi )]

× Q∗
i (−

∂Gi(εi , ai)

∂ai

)dεidGj (εj , aj ).

The inside term is no less than zero if δi ≤ si
ci

, so the third term is also

nonnegative. Thus, π
q

i (Q∗(a), a) is increasing in ai .
Similarly, we have

∂π
q

i (Qi
∗(a)|Qj

∗(a), a)

∂aj

= ∂π
q

i

∂Q∗
i

∂Q∗
i

∂aj

+ ∂π
q

i

∂Q∗
j

∂Q∗
j

∂aj

+ ∂π
q

i

∂aj

.

The first term is still zero and the second term is negative as this time we
have ∂Q∗

j /∂aj ≥ 0. The third term is

∂π
q

i

∂aj

∣∣∣∣
Q=Q∗(a)

= −(pi − si )
∂E[(Q∗

i εi − Ds
i )

+]
∂aj

= −(pi − si )γjiQ
∗
j

∫ 1

0

∫ 1

0
FDs

i
|Dj >Q∗

j
εj ,εj

(Q∗
i εi )Pr

(
Dj > Q∗

j εj

)
×

(
− ∂Gj (εj , aj )

∂aj

)
dεj dGi(εi , ai) ≤ 0,

which completes the proof of part (i).
In part (ii), ∂Q∗

i /∂ai ≥ 0 and ∂Q∗
j /∂ai ≤ 0 by Proposition 2. The

remaining proof is analogous to that of part (i). �

PROOF OF THEOREM 2: We prove the theorem by analysing regions
(I)–(V) one by one, which correspond to different possible equilibria. First,
we consider the case when δi < 1 and δj < 1.
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In region (I), ai < ψi and ai < ψi , which is equivalent to φi(ai ) < 0
and φj (aj ) < 0. Thus, the best responses of both firms are zero, i.e.,
Q∗

i = Q∗
j = 0.

In region (II), we only show the equilibrium (Di + γjiDj , 0), as the
equilibrium (0, Dj + γijDi) is symmetric. For the regions corresponding to
(Di + γjiDj , 0), we have φj (aj ) < 0 (φj (aj ) < 0 if and only if aj < ψj ),
which implies Q∗

j = 0. And φi(ai ) > 0 implies that the best response

Q∗
i (Qj ) = Di + γji (Dj − Qj )

+ or Di + γjiDj [see Eq. (8)]. Yet given
Q∗

j = 0, all these possibilities lead to Q∗
i = Di + γjiDj .

In region (III), we have 0 < φi(ai) ≤ aj and 0 < φj (aj ) ≤ ai . Then,
according to Eq. (8), the best responses are Q∗

i (Qj ) = Di +γji (Dj − Qj )
+

and Q∗
j (Qi) = Dj + γij (Di − Qi)

+. Solving the two equations yields the
equilibrium solution Q∗

i = Di and Q∗
j = Dj .

Consider region (IV). We only show the equilibrium (Di + γjiDj , Dj )

as (Di , Dj + γijDi) follows by symmetry. (Di + γjiDj , Dj ) is achieved
when φi(ai ) > aj > ψj , which implies the best response Q∗

i (Qj ) =
Di + γjiDj . Also, in the region corresponding to (Di + γjiDj , Dj ), we
have 0 < φj (aj ) ≤ ai , which implies the best response Q∗

j (Qi) =
Dj + γij (Di − Q∗

i )
+. These two best response functions immediately give

the equilibrium (Di + γjiDj , Dj ).
As for region(V), we have φi(ai ) > aj and φj (aj ) > ai . The best

response function directly gives the equilibrium, Q∗
i = Di + γjiDj and

Q∗
j = Dj + γijDi .
Next, we consider the case when δi = 1 or δj = 1. If both δi and δj are

equal to one, then ψi = ψj = 0. As a result, the curves φi(ai ) and φj (aj )

becomes horizontal and vertical straight lines, respectively. Consequently,
region (I) and region (II) shrink and disappear (see Fig. 5e). If only one of δi

and δj is one, say δj = 1, then ψj = 0 and φj (aj ) becomes a vertical line.
This leaves two possibilities. When φj > ψi , region (V) shows up (Fig. 5f)

and when φj ≤ ψi there is no region (V) (Fig. 5g). �

PROOF OF THEOREM 3: Consider part (i) where φi ≤ ψj . Given aj ≤
ψj , the first-stage equilibrium will be (Di +γjiDj , 0) (region (II)). Plugging
the equilibrium into πr

i , the first-order condition yields ai(aj ) = a∗∗∗
i . If

aj > ψj , there will be two possible equilibria in the second-stage game,
(Di , Dj ) (region (III)) or (Di , Dj + γijDi) (region (IV)). But due to the
operator (Dj − Qj )

+, Q∗
j = Dj or Dj + γijDi has the same impact on the

first-stage payoff function πr
i (ai |aj ). So given Q∗

i = Di , we have the best
response ai(aj ) = a∗

i by the first-order condition.
Then, we consider part (ii). If aj > φi or aj ≤ ψj , following the same

logic as in part (i) we have ai(aj ) = a∗
i when aj > φi and ai(aj ) = a∗∗∗

i

when aj ≤ ψj . We then focus on ψj < aj ≤ φi .
We first show that a∗

i ≤ a∗∗
i (aj ) ≤ a∗∗∗

i for ψj < aj ≤ φi . Note that
a∗∗

i (aj ) is (weakly) decreasing in aj , as the corresponding marginal gain for

improving reliability
∂π

q
i

∂ai
is (pi −δici )Di +((pi −δici )−(pi −si )aj )γjiDj ,

which decreases with aj . On the one hand, we have a∗∗
i (aj ) ≥ a∗∗

i (φi ). For

aj = φi , the marginal gain
∂π

q
i

∂ai
= (pi − δici )Di + (1 − δi )ciγjiDj ) ≥

(pi − δici )Di . Recall that the marginal gain (pi − δici )Di , which is smaller,
induces the optimal solution a∗

i . As a result, a∗∗
i (aj ) ≥ a∗∗

i (φi ) ≥ a∗
i . On the

other hand, we have a∗∗
i (aj ) ≤ a∗∗

i (ψj ) ≤ a∗∗
i (0) = a∗∗∗

i . The last equality
follows as the marginal gain for aj = 0 is given by (pi − δici )(Di + γjiDj ),
which induces the optimal solution a∗∗∗

i .
Let âi (aj ) = φ−1

i (aj ), the inverse function of curve φi(ai ). By definition,
aB

j is the value such that a∗∗
i (aj ) = âi (aj ). Now, we show the following

lemma first. �

LEMMA A.1: There is a unique aB
j such that a∗∗

i (aB
j ) = âi (a

B
j ), and

aA
j ≤ aB

j ≤ φi .

PROOF: Note that âi (aj ) is increasing in aj and a∗∗
i (aj ) is decreasing in

aj . Because aA
j is defined to be φi(a

∗
i ), we have, at the point aA

j , âi (a
A
j ) =

a∗
i < a∗∗

i (aA
j ). At the point aj = φi , we have âi (φi ) = 1 ≥ a∗∗

i (φi ). Thus,

there is a unique threshold value aB
j between aA

j and φi . �

The interval ψj < aj < φi can then be divided into at most three subin-
tervals by the two threshold values aA

j and aB
j . In all these subintervals, we

have Q∗
j = Dj or Dj + γijDi , which has no effect on the first-stage pay-

off function πr
i due to the “positive” operator (Dj − Qj )

+. Thus, the best
response of firm i only relies on Q∗

i . Recall that a∗
i is optimal for Q∗

i = Di

and a∗∗
i (aj ) is optimal for Q∗

i = Di + γjiDj . We can then suppress the
arguments Qj and aj in the payoff functions for ease of notation.

First, consider aB
j < aj ≤ φi , which implies a∗

i ≤ a∗∗
i (aj ) ≤ âi . For

ai < âi , Q∗
i = Di . So the interior solution a∗

i associated with Q∗
i = Di can

be obtained. For ai ≥ âi , Q∗
i = Di + γjiDj . The interior solution a∗∗

i (aj )

associated with Q∗
i = Di + γjiDj cannot be obtained as a∗∗

i (aj ) ≤ âi .
Firm i should compare the quantity equilibria: Q∗

i = Di induced by a∗
i ,

and Q∗
i = Di + γjiDj induced by âi (âi is the best choice to induce

Q∗
i = Di + γjiDj as a∗∗

i (aj ) ≤ âi ). The first-stage payoff function can
be written as

πr
i (ai ) = max{πq

i (Di + γjiDj , âi ) − Ii (âi ), π
q

i (Di , a
∗) − Ii (a

∗
i )}.

Note that π
q

i (Di + γjiDj , âi ) = π
q

i (Di , âi ) as âi is at the curve
φi(ai ) = aj where it is indifferent to order Di or Di + γjiDj . Thus, the
above maximum operator becomes a comparison between πr

i (âi |Q∗
i = Di)

and πr
i (a∗

i |Q∗
i = Di). a∗

i is chosen because it is the global optimal point
given Qi = Di .

Second, consider the subinterval aA
j < aj ≤ aB

j , where a∗
i ≤ âi ≤

a∗∗
i (aj ). In this case, both interior optimal solutions a∗

i and a∗∗
i (aj ) can

be obtained. Hence, firm i need to compare these solutions which induce
the equilibrium quantities Q∗

i = Di and Q∗
i = Di + γjiDj , respectively.

The best response ai is then chosen by comparing πr
i (a∗

i |Q∗
i = Di) and

πr
i (a∗∗

i (aj )|Q∗
i = Di + γjiDj ).

Third, if ψj < aj ≤ aA
j we have âi ≤ a∗

i ≤ a∗∗
i (aj ). Following a similar

logic to the first subinterval, one can show that a∗∗
i (aj ) is the best response.

The equilibrium quantity Q∗
i = Di is induced if ai < âi . However, in the

third subinterval, a∗
i ≥ âi . This implies that the interior solution a∗

i that
is associated with Q∗

i = Di cannot be obtained. Thus, the best choice to
induce Q∗

i = Di is âi . Following the same logic as that regarding the first
subinterval, we can show that choosing a∗∗

i (aj ) to induce Q∗
i = Di +γjiDj

is better than choosing âi . �

PROOF OF THEOREM 4: Recall that a∗
i ≤ a∗∗

i (aj ) ≤ a∗∗∗
i and a∗∗

i (aj )

is decreasing in aj . So according to the best response function characterized
in Theorem 3, the best response function is (weakly) decreasing in the whole
strategy space if it is (weakly) decreasing for aA

j < aj ≤ aB
j . It suffices to

show within the interval aA
j < aj ≤ aB

j that either there is a unique threshold
above which a∗

i is preferred and below which a∗∗
i (aj ) is preferred, or one of

a∗
i and a∗∗

i (aj ) is dominant within the whole interval. To do so, we only need
to show that πr

i (a∗∗
i (aj )|aj ) and πr

i (a∗
i |aj ) have at most one intersection

within the interval aA
j < aj ≤ aB

j .

Given aA
j < aj ≤ aB

j , invoking the second-stage equilibrium corre-
sponding to a∗

i (see Table 2), Q∗
i (a

∗
i , aj ) = Di and Q∗

j (a
∗
i , aj ) = Dj or

Dj + γijDi in (6), we have

πr
i (a∗

i |aj ) = ((pi − δici )a
∗
i − (1 − δi )ci )Di − Ii (a

∗
i ),

which is constant in aj .
Next, it suffices to show that πr

i (a∗∗
i (aj )|aj ) is nonincreasing in aj .

πr
i (a∗∗

i (aj )|aj ) can be found by invoking the corresponding quantity equilib-
ria Q∗

i (a
∗∗
i (aj ), aj ) = Di+γjiDj and Q∗

j (a
∗∗
i (aj ), aj ) = Dj or Dj +γijDi
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in (6). Applying the envelope theorem, we have

∂πr
i (a∗∗

i (aj )|aj )

∂aj

= ∂πr
i (ai |aj )

∂aj

∣∣∣∣
ai=a∗∗

i
(aj )

= −(pi − si )a
∗∗
i (aj )γjiDj ≤ 0.

Therefore, the best response of firm i is nonincreasing in firm j’s strategy.
That is, the reliability game is submodular.

The remainder is an immediate implication of submoduarity (See Ref.
[23]). �

PROOF OF PROPOSITION 4: According to the best response function
(11), given that a0

j is already higher than aB
j , no matter which reliability level

firm j chooses to improve, firm i will choose a∗
i . That is, a∗

i is a dominant
strategy. So if a0

j > aB
j for both firm j = 1, 2, the equilibrium (a∗

1 , a∗
2 ) is

unique. �

PROOF OF PROPOSITION 5: It immediately follows by Theorem 2 and
Theorem 3. �

PROOF OF PROPOSITION 6: It suffices to show that πr
i is supermodu-

lar in (ai , γji ) andπr
j is submodular in (aj , γji ). The latter is trivially satisfied

as πr
j is actually independent of γji . Now consider the former, that is, whether

πr
i is supermodular in (ai , γji ). Let âi > ai and γ̂j i > γji . We check the

increasing differences of πr
i (ai , γji ). For any ai ≤ ψi , πr

i (ai , γji ) = 0. We
can then merely focus on the case ai > ψi .

First, if aj ≤ ψj , Q∗
j (ai , aj ) = 0 and Q∗

i (ai , aj ) = Di + γjiDj . Then,

πr
i (âi , γ̂j i ) − πr

i (âi , γji ) = ((pi − δici )âi − (1 − δi )ci )Dj (γ̂ji − γji )

≥ ((pi − δici )ai − (1 − δi )ci )Dj (γ̂ji − γji )

= πr
i (ai , γ̂j i ) − πr

i (ai , γji ).

Second, if ψj < aj < φi(ai ) < φi(âi ) (note that φi(ai ) < φi(âi ) as
φi(x) is an increasing function), Q∗

i (âi , aj ) = Di +γjiDj and Q∗
j (âi , aj ) =

Dj + γijDi or Dj , which leads to

πr
i (âi , γ̂j i ) − πr

i (âi , γji ) = (((pi − δici ) − (pi − si )aj )âi

−(1 − δi )ci )Dj (γ̂ji − γji )

≥ (((pi − δici ) − (pi − si )aj )ai

−(1 − δi )ci )Dj (γ̂ji − γji )

= πr
i (ai , γ̂j i ) − πr

i (ai , γji ),

where the inequality holds because (pi − δici ) − (pi − si )aj > 0 by
aj < φi(âi ).

Third, for φi(ai ) ≤ aj < φi(âi ) we have

πr
i (âi , γ̂j i ) − πr

i (âi , γji ) = (((pi − δici ) − (pi − si )aj )âi

−(1 − δi )ci )Dj (γ̂ji − γji )

≥ 0 = πr
i (ai , γ̂j i ) − πr

i (ai , γji ),

where the inequality holds because aj < φi(âi ). The last equality fol-
lows as φi(ai ) ≤ aj implies Q∗

i (ai , aj ) = Di and substituting this into
πr

i (ai , γji ) gives πr
i (ai , γji ) independent of γji , which implies πr

i (ai , γ̂j i )−
πr

i (ai , γji ) = 0.
Finally, if aj ≥ φi(âi ), then Q∗

i (âi , aj ) = Di . We have πr
i (âi , γ̂j i ) −

πr
i (âi , γji ) = 0 and this difference is also zero for any ai < âi , so the

increasing differences trivially follow.
Therefore, πr

i is supermodular in (ai , γji ). �
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[18] M.E. Nikoofal and M. Gümüş, The value of audit in manag-
ing supplier’s process improvement, Working paper, McGill
University, 2014.

[19] M. Parlar, Game theoretic analysis of the substitutable product
inventory problem with random demands, Naval Res Logistics
(NRL) 35 (1988): 397–409.

[20] S.Y. Tang and P. Kouvelis, Supplier diversification strategies
in the presence of yield uncertainty and buyer competition,
Manuf Serv Oper Manag 13 (2011): 439–451.

Naval Research Logistics DOI 10.1002/nav



126 Naval Research Logistics, Vol. 62 (2015)

[21] Y. Tang, H. Gurnani, and D. Gupta, Managing disruptions in
decentralized supply chains with endogenous supply reliabil-
ity, Prod Oper Manag (in press).

[22] B. Tomlin, On the value of mitigation and contingency strate-
gies for managing supply chain disruption risks, Manage Sci
52 (2006): 639–657.

[23] D.M. Topkis, Supermodularity and complementarity, Prince-
ton University Press, 2001.

[24] Q. Wang and M. Parlar, A three-person game theory model
arising in stochastic inventory control theory, Eur J Oper Res
76 (1994): 83–97.

[25] Y. Wang, W. Gilland, and B. Tomlin, Mitigating supply risk:
Dual sourcing or process improvement? Manuf Serv Oper
Manag 12 (2010): 489–510.

[26] Y. Wang, Y. Xiao, and N. Yang, Improving supplier yield under
knowledge spillover, Working paper, Arizona State University,
2011.

[27] B. Wolford, FDA looks to shut down pharmaceutical innova-
tions inc. after unheeded warnings about contaminated ultra-
sound gels. Available at http://www.medicaldaily.com/fda-
looks-shut-down-pharmaceutical-innovations-inc-after-
unheeded-warnings-about-306235, accessed on October
2014.

[28] C.A. Yano and H.L. Lee, Lot sizing with random yields: A
review, Oper Res 43 (1995): 311–334.

[29] X. Zhao and D.R. Atkins, Newsvendors under simultaneous
price and inventory competition, Manuf Serv Oper Manag 10
(2008): 539–546.

Naval Research Logistics DOI 10.1002/nav


